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Cq • Abstract 

We prove that for the set of Exact Magnetic Lagrangians the property "There 
^N^ ■ exist finitely many static classes for every cohoniology class" is generic. We also 

prove some dynamical consequences of this property. 

q 

^ : 1 Introduction 



Let M be a closed manifold equipped with an Riemannian metric g = {., .). A 
Lagrangian L : TM — )■ M is called Exact Magnetic Lagrangian if 
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2' 
for some non-closed l-form rj. 



o 



O ■ This type of Lagrangian fits into Mather's theory, as developed by R. Mane and 

A. Fathi, about Tonelli Lagrangians, namely, it is fiberwise convex and superlinear. 
We refer the reader to the references Fathi in [6], Contreras and Iturriaga in |1] for 

^ ! expositions of this theory. 

cd . Let DJl (L) be the set of action minimizing measures. Recall that Wl (L) is the set 

of fi Borel probability measures in TM which are invariant under the Euler-Lagrange 
flow (ft generated by L and minimizes the action, that is for all invariant probability u 
in TM: 



Ldfi < / Ldu. 

TM JtM 

The set 3Jt (L) is a simplex whose extremal points are the ergodic minimizing 
measures. 

Since the Euler Lagrange flow generated by L does not change by adding a closed 
one form C,., we also consider the action minimizing measures '*XR{L — Q. The minimal 
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action value, depends only on the cohomology class c = [(] E H^{M,M) of the closed 
one form, so it is denoted by —a{c). It is known that a{c) is the energy level that 
contains the Mather set for the cohomology class c: 

Mc= U supp(yu). 

MeOT(L-C) 

Aic is a compact invariant set which is a graph over a compact subset Mc of M, the 
projected Mather set (see [H]). Aic is laminated by curves, which are global (or time 
independent) minimizers. Mather also proved that the function c h-> a{c) is convex 
and superlinear. 

In general, A4c is contained in another compact invariant set, which also a graph 
whose projection is laminated by global minimizers: the Aubry set for the cohomology 
class c, denoted by Ac- Mane proved that Ac is chain recurrent and it is a challenging 
question to describe the dynamics of the Euler-Lagrange flow restricted to Ac- The 
definition of Aubry set and some its properties are given in Section [31 

Of course this question only makes sense if it is posed for generic Lagrangians, 
since many pathological examples can be constructed. The notion of genericity in the 
context of Lagrangian systems is provided by Marie in p] . The idea is to make special 
perturbations by adding a potential: L{x,v) + \l/(x), for \l/ G C°°{M). 

A property is generic in the sense of Marie if it is valid for all Lagrangians L{x,v) + 
$(x) with $ contained in a residual subset O. 

In this setting, G. Contreras and P. Bernard proved in the work A Generic Prop- 
erty of Families of Lagrangian Systems (see p]|) that generically, in the sense of Mane, 
for all cohomology class c there is only a finite number of minimizing measures. This 
theorem is a consequence of an abstract result which is useful in different situations. 

In general, when we are dealing with an specific class of Lagrangians, perturba- 
tions by adding a potential are not allowed. However, due to the abstract nature of 
Bernard- Contreras proof it may be addapted to the specific case like the one treated 
here. 

The objective of this paper is to prove the genericity of finitely many minimizing 
measures for Exact Magnetic Lagrangians and apply it to the dynamics of the Aubry 
set. 

Let us consider F^ (M) the set of smooth 1-forms in M endowed with the metric 
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denoting by ||w||^ the C'^-norni of the l-form uj. With this metric T^ (M) is a Frechet 
space, it means that F^ (M) is a locally convex topological vector space whose topology 
is defined by a translation-invariant metric, and that F^ (M) is complete for this metric. 
The main result of this paper is the following: 

Theorem 1 Let A he a finite dimensional convex family of Exact Magnetic Lagrangians. 
Then there exists a residual subset O of T^ (M) such that, 

u eO,Le A^dimm{L + u) < dimA. 

Hence there exist at most 1 + dim A ergodic minimizing measures of L + u. 

Corollary 2 Let L be a Exact Magnetic Lagrangian. Then there exists a residual 
subset O of r^ (M) such that for all c G H^ (M, M) and for all uj E O, there are at 
most 1 + dim H^ (M, M) ergodic minimizing measures of L + u — c. 

The last part of this work is dedicated to prove some consequences about the 
dynamics. For instance, using the work of Contreras and Paternain, [^ we obtain 
connecting orbits between the elements of the Aubry set that contain the support of 
minimizing measures (the so called "static classes"). 

2 Adapting the abstract setting of Bernard and 
Contreras 

As it was pointed out previously, the proof of Theorem [1] is an application of the 
work of Contreras and Bernard. Here we state their result. 
Assume that we are given 

(i) Three topological vector spaces £", F, G. 
(ii) A continuous linear map tt : F — )■ G. 
(iii) A bilinear map (, ) : F x G — )► M. 

(iv) Two metrizable convex compact subsets H d F and K G G such that vr (H) C K. 
Suppose that 
1. The restriction of the map given by (iii), (, ) \exk is continuous. 



2. The compact K is separated by E. This means that, if /x and v are two different 
points of K^ then there exists a point a; in ii^ such that (cj, fi — u) ^ 0. 

3. E is a Frechet space. 

Note then that E has the Baire property, that is any residual subset of E is dense. 
We shall denote by H* the set of afiine and continuous functions defined on H. 
Given L G H* denote by 

Mh {L) = arg min L 

the set of points a E H which minimizes L\h, and by Mk {L) the image vr [Mh [L]) . 
These are compacts convex subsets of H and K. 
Under these conditions we have: 

Theorem 3 (G. Contreras and P. Bernard) For every finite dimensional affine 
subspace A of H* , there exists a residual subset O {A) C E such that, for allu E O {A) 
and L E A, we have 

dim Mk {L + uj) < dim A 

In order to apply this theorem, we need to define the above objects in an adequate 
setting as follows: 

Let C be the set of continuous functions / : TM — > M with linear growth, that is 

ll/IUn= S^PTTT^<+^ (2) 

eeTM -L + \f\ 

endowed with the norm IMI^j^ . 
We define: 

• E = r^ (M) endowed with the metric d defined in ([1]). 

• F = C* is the vector space of continuous linear functionals /i : C — t- M provided with 
the weak-* topology: 

lim/i„ = /i<^ limfinif) = /"(/), V/ G C. 

n n 

• G is the vector space of continuous linear functionals /i : F^ (M) — )■ M, where F° (M) 
is the space of continuous 1-forms on M. Note that the Riemannian metric g = (., .) 
allows us to represent any continuous 1-form as (X, .) , for some C'^ vector field X. We 
endow G with the weak-* topology: 

lirafin = /i -vv- lim/i„ (u) = ft (co) , Vw E F° (M) . 



The continuous linear tt : F — )■ G is given by 



7r(/i) = ;u|ro(M)- 

• For a given natural number N, let 

Bn = {{x,v) eTM : \v\ < N} . 

Let us denote by M^ the set of the probability measures /i in TM such that supp ^ C 
Bn. Define Kn = tt (M^) C G, the restriction of the probabilities in Mjq to r° (M). 

Claim 1. Kn is metrizable. 

Proof: Since G is the dual of r° (M), we define a norm in G as follows 



m 



G 



sup {\^{u)\]. 



lifxeK, 



N, 



1^1 



G 



sup 



udfi 



TM 



< sup ^ \co\djj, 



sup 



^(^'"^'(1 + iV), 



(iyU > < sup 



'^II«„<1 UB^ 1+ l"^ 



^^^(1 + iV) 



dfi 



< (iV + 1) sup 



ll'^ll«„<i Utm 



\UJ\ 



tin 



dii\ <N + 1. 



This shows that Kj^ C -Bgj where Bq is the ball of radius A^ + 1 in G = r° (M)* . 
Then, by following classical theorem of Analysis, it is enough show that T^ (M) is a 
separable vector space. 

Theorem 4 Let E a Banach's space. Then E is separable if, and only if, the unit ball 
Be* C E* in the weak-k topology is metrizable. 

The separability of r° (M) follows from the lemma below and of the duality 
between 1-forms and vector fields provided by the Riemannian metric. 

Lemma 5 The space X° (M) of continuous vector fields in a compact manifold M is 
separable. 

Proof: By compactness of M, we can consider a number finite local trivializations 

ili C TM -^ f/i X R" of the tangent bundle TM and by compactness of Ul, X° (JIj) = 
G" (f/i,M") is separable. Let {/^} be a dense subset in X° (f/j) and {ai} a partition 



of unity subordinate to the open cover {Ui} . It is enough show that {Xlj'^j/n} i^ 
dense in X° (M) . Let g E X^ (M) and consider Qi = aig. Then g = Yl'^id ~ Yldi^ 
supp gi C Ui C Ui. Given e > there exists rii E N such that 



Then 



I]«^/n, 



\fn,-9'.\\ < 



Yl ^ifn, " Yl ^^3 



< J^supl/;, -gi 
i u. 



Y.\\fn.-3^\\<Y.h<'■ 



Let us consider (X„) a dense sequence in X°(M) and w„ = (X„, ■) G r° (M) . Let 
u = {X, ■) G r° (M) and Us be a ball in F" (M) centered at w., of radius 5 > 0. Then 
there exists a X„ G K (X) , where Vs {X) is the ball in X° (M) of radius e and center 
X. It follows that 



\u„ — w 



<?m 



= sup 

{x,v)£TM 

< sup 

(x,d)gTM 



l + \v\ 

\{Xn-X){x)\\v\ 

1 + \v\ 



\{{Xr.-X){x),v)\ 
1+ |w| 

< sup|(X„-X)(x)|<£. 

x&M 



sup 

{x,v)eTM 



This shows that w„ G W^ and F^ (M) is separable, so Kj^ is metrizable. This finishes 
the proof of the Claim 1. ■ 

Observe that K^ is compact and convex since Kn = vr {Mj^) , vr is a continous 
map and Mlf is a compact subset of probability measures in TM. 
• The bilinear mapping {,) : E x G ^ M. is given by integration: 



(w,/i) 



udfi. 



TM 



Note that here we apply the Hahn-Banach Theorem for extends the functional fi and 
that the above integral does not depend on the extension of /i to a signed measure on 
TM given by Riesz representation Theorem. Moreover, 

(, ) : E X i^^ -> M 

is continuous. In fact, if cu„ — )■ cj and yU„ — ;■ fi with (cu„) C E and (/i„) C K^, then 



lim / rjdfir, 

'TM 



rjdfi, \/rj G -E, 



TM 



and d (w„, w) — )■ implies that given e > 0, there exists ng G N such that 

e 



Vn>no, ||a;„-a;||^,„< ^^ j^^y 



Since fj^n, f^ ^ K^, we have 



Undfin - / Udfir, 
TM JtM 



< I \cJn — wl d/i 
'Bn 

\oj„ — Oj' 



B. 1 + ^ 



1 + N) dfir, 



< (1 + iV) 



Bn 



\LUn — W| 

1 + \v\ 



dfir. 



< (l + N) \\uJn-Uj\\i,indfin< e 

'Bn 



When n — )■ oo, 



Therefore 



hm / ujndfin — I ^dji 

TM JTM 



hm(a;„,/i„) = hm / ujnd^ 

TM 



< e,Ve>0. 



ojdjj, = {oj, fi) . 



TM 



• Kj<q is separated by E. This follows from the duality and approximation of continuous 
vector fields by smooth ones and the fact that K^ is separated by r° (M) , that is: if 
f^,i^ E K]^, 11 ^ u, then there exists a wq G T" {M) such that ii (wq) t^ J-' (wo) or 



ujod/j, ^ / coodu. 

TM JTM 

The next ingredient regarding the steps followed by Bernard and Contreras is the 
proof of injectivity of the map n : 971 (L) — )■ G. 

Recall that VJH (L) the set of minimizing measures for L and A^o=UueOT(L) supp fi 
is the Mather set. 

Lemma 6 Let L be a Exact Magnetic Lagrangian. If fi and v are two distincts mini- 
mizing measures, then there exists a 1-form u in T^ (M) such that 



udfj, 7^ / udu 

TM JTM 

Proof: If yU 7^ z/, there exists A in the Borel sigma algebra such that /i (A) ^ v (A) . 
We can suppose A is a closed set and A C supp (/i) U supp [y) . The energy function 
for L is given by E (x, v) = \ ||f || and since 



supp {^) U supp (v) C E'^ [a (0)) = { [x, v) G TM : 



2a (0)}, 



we have A G E ^ {a (0)) . Moreover, A C A^oi where A^o is the Mather set. By graph 
property A is a graph on tt (A) and we can write 

A = { (a;, f ) : X E n (A) and v = tt"^ (x) } 

where tt"^ is Lipschitz on the projected Mather set. Let 

^ (.-H^),iixe.iA) 

[ 0,ifx^Tr{A) 

and consider /„ : M — )■ [0, 1] sequence of smooth bump functions 

r l,iixeniA) 

1 0,iix^B^{n{A)) 

where -B„ (vr (A)) is a neighborhood of the compact n (A) : 

Bn (tt (A)) = < a; G M : (i (a;, a) < — , for some a E tt (A) 
{ n 

Let us consider X a continuous extension of ^[^^(yi) on M. Then the vector field X„ 
fnX G X^{M) , converges pointwise to X (x) and 

\{Xn{x),v)\ = \{fnX{x),v)\ < \fnX{x)\\v\< \X {x)\ \v\ . 

By Dominated Convergence Theorem 

{Xn (x) ,v) dfi ^ {X (x) , v) (i/i, 

TM JtM 



and 



{Xn (x) , f ) (iz/ — 7- / (X (x) , v) du. 

TM JTM 



Suppose that for all w G r° (M) 



Then we have 



Wfi/i = / udv. 

TM JTM 



{Xn {x) ,v)dl^= / {Xn (x) , V) dv. 
TM JTM 



Therefore 



{X (x) , f ) d/i = / {X (x) , v) du 
TM Jtm 



(X(x),f)(i/i = / {X{x),v)diy 
A J A 

{X (x) , X (x)) dfx = f {X{x),X{x))du 

J A 

/ 2a (0) d^i = 2a (0) du 

J A J A 

a(0)/i(A) = a(0)z/(A), 

Hence /i (A) = v {A) because a (0) > (See G. Paternain and M. Paternain in [T3]). 
This finishes the proof. ■ 

The final step is entirely analogous to Lemma 9 of [1] and we repeat it here only 
for the sake of completeness. Mane introduced a special type of probability measures, 
the holonimic measures which is useful to prove genericity results. A C^ curve 7 : / C 
M — 7- M of period T > define an element /i^ G -F by 

1 '■^ 



1^1 U) = J f{l{s),^{s))ds 

for each f E C. Let 

6 = {/U^ : 7 G C^ (M, M) periodic of integral period} C F. 

The set l-L of holonomic probabilities is the closure of G in F. One can see % is convex 
(see Mane |9]). The elements fj, oiT-i satisfy /i (1) = 1. We define the compact H^ C F 
as the set of holonomic probability measures which are supported in Bj^. Therefore we 
have 71 (Hn) C K^. 

The each Tonelli Lagrangian L it is associated an element L G H'^ as follows 



yU !-!• / Ldn, n G Hn- 



TM 



Recalling that we have defined M^f^ {L) as the set of measures /i G H^^ which minimize 
the action j Ldfi on Hj^i. 

Lemma 7 If L is a Exact Magnetic Lagrangian then there exists A^ G N such that 

dim Mk^{L) = dim 971 (L). 



Proof: Mane proves in [H] that OJt(L) C "H. The Mather set A^o is compact, therefore 
OJt(L) (IHn for some A^ G N. Mane also proves in [9] that minimizing measures are 
also all the minimizers of action functional Al (/i) = j Ldfi on the set of holonomic 
measures, therefore DJl{L) = Mhj^ (L). By previous Lemma the map vr : 971 (L) — t- G 
is injective, so that 

dim7r(Mi:^^(L)) = dimvr (OJt (L)) = dim 971 (L) 



Proof: (of Theorem [T]) Given n G N apply Theorem [3] and obtain a residual subset 
On {A) CE = r^ (M) such that 

L e A,uj eOn{A) ^ dim Mi^„ (L + w) < dim A. 

Let O (A) = Hn C'n (^) • By the Baire property O (A) is residual. We have that 

L e A,uj eO{A) ,neN^ dim Mk„ {L + u) < dim A. 

Then by previous Lemma, dim 971 (L + w) < dim A for all L G A and all w G O (A) . 
This finishes the proof. ■ 

3 Some Dynamical Consequences 

As it was pointed out in the Introduction, the Mather set Aic associated to a 
cohomology class c is contained in another compact invariant set called the Aubry set 
Ac- It is also a graph over a compact subset of the manifold M and it is contained 
in the same energy level a{c) as Aic- Moreover, Ac is chain recurrent set. All these 
properties are proven in [3], see also [6]. 

In order to state the dynamical consequences of our Theorem [1], we need to intro- 
duce the Aubry set and the concept of static classes for a general Tonelli Lagrangian. 

Let us consider the action on a curve 7 : [0, T] — )■ M defined by 

AL-c+kil)= I [L{^,i)-v{^)h) + k]dt 
Jo 

where /c is a real number and r^ is a representative of the class c. The energy level a{c)., 
namely Mane's critical value of the Lagrangian L — c, may be characterized in several 
ways. a{c) is defined by Mane as the infimum of the numbers k such that the action 
Ai-c+fc (7) is nonnegative for all closed curve 7 : [0, T] — )■ M. 
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Recall that, for a given real number k the action potential ^i-c+k '■ M x M ^^ 
is defined by 

^L-c+k {x,y) = iniAL-c+kil) 

infimuni taken over the curves 7 joining x the y. 
Mane proved that 



-a(c) = inf / (L — 71) da, 



where 77 is a representative of the class c and that a{c) is the smallest number such 
that the action potential is finite, in other words, iik < a(c), then $L_c+A:(a;, y) = — c>o 
and for k > a{c), ^L-c+k{x,y) G M. 

Observe that by Tonelli's Therorem (See for example in [1]), for fixed t > 0, there 
always exists a minimizing extremal curve connecting a; to y in time t. The potential 
calculates the global (or time independent) infimum of the action. This value may not 
be realized by a curve. 

The potential ^L^c+a(c) is not symmetric in general but 

hi (X, y) = ^L~c+a{c) (X, y) + (^L-c+a{c) (l/, x) 

is a pseudo-metric. A curve 7 : R — )■ M is called semistatic if minimizes action between 
any of its points: 

^L~c+aic) {l\[a,b]) = ^L-c+aic) (l («) , 7 (&)) , 

and 7 is called static if is semistatic and 6m (7 (a) ,1 (b)) = for all a,b eM.. 

For example, the orbits contained in the Mather set Ai^ project onto static curves. 
The Aubry set Ac is the set of the points (x, v) G TM such that the projection 
7 (t) = vr o (y9f (x, v) is a static curve, where ipt is the Euler-Lagrange fiow. We just saw 
that the Mather set A^c is contained in the Aubry set Ac- 
Denoting the projected Aubry set by Ac, the function Sm\ac>cAc '■ Acy<Ac^ IR 
is called Mather semi- distance. We define the quotient Aubry set {Am, ^m) to be 
the metric space by identifying two points x,y E Ac if their semi-distance 5m {x, y) 
vanishes. When we consider 5m on the quotient space Am we will call it the Mather 
distance and the elements of Am are called static classes for L — c. Observe that the 
static classes are disjoint subsets of the energy level set a{c) and a static curve is in 
the same static class. 

Then we have the following corollary of the Theorem [1] 
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Corollary 8 Let L he a Exact Magnetic Lagrangian. Then there exists a residual 
subset O of r^ (M) such that for all c G H^ (M, R) and for all uj E O , the Lagrangian 
L + u — c has at most 1 + dimH^ (M, R) static classes. 

Proof: It suffices to show that each static class supports at least one ergodic minimizing 
measure. In fact, let A be a static class for L + u — c and {p, v) G Ac with p G A. For 
T > we define a Borel probability measure fix on TM by 

1 /-^ 
/ir(/) = 7^ / f{^s{p,v))ds 



All these probability measures have their supports contained in Ac that is a compact 
subset, consequently, we can extract a sequence fiT„ weakly convergent to /i: 

1 Z"^" 
/i (/) = lim — / f{<^s {p, v)) ds, 

which is a ergodic minimizing measure whose support is contained in A (See |S] for 
details). ■ 

Now we present some dynamical consequences assuming that the Lagrangian L 
has finitely many static classes. In this manner, by previous corollary, the properties 
presented here are generic on set of Exact Magnetic for all cohomology class. 

The projected Aubry set Ac is chain recurrent and the static classes are connected 
so they are the connected components of Ac- Moreover the static classes are the chain 
transitive components of Ac and we obtain the following cycle property: If two supports 
of ergodic minimizing measures are contained in a static class, then there exists a cycle 
consisting of static curves in the same static class connecting them. 

Contreras and Paternain prove in [5] that between two static classes there exists 
a chain of static classes connected by heteroclinic semistatic orbits. More precisely 
they show 

Theorem 9 Suppose that the number of static classes is finite. Then given two static 
classes A^ and Ai, there exist classes Ai = A^, A2, ..., A„ = A/ and 61, 62, ..., On-i G TM 
such that for all i = 1, ...,n — 1 we have that 'ji (t) = tt o ip^ (9^) are semistatic curves, 
a {9i) C Aj and u {6i) C A^+i. 

Another important property, demonstrated by P. Bernard in [2], is the semi- 
continuity of the Aubry set 

H^ (M, R) 9 c h^ Ac, 

when Am is finite. In order to be more precise he showed the following Theorem 
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Theorem 10 Let L^ he a sequence of Tonelli Lagrangians converging to L. Then given 
a neighborhood U of Aq in TM, there exists k^ such that Aq (Li^) C U for each k > k^, 
where Aq (Lk) is the Aubry set for the Lagrangian Lk- 

In fact Bernard showed that this Theorem is true with a weaker hypothesis than 
Am be finite, namely coincidence hypothesis (See [2]). 

4 Example 

In this section we present an example of a Exact Magnetic Lagrangian on fiat 
torus T^ whose quotient Aubry set Am is a Cantor set, therefore not every Exact 
Magnetic Lagrangian has finitely many static classes. 

Let L : TT^ — )■ M be a Exact Magnetic Lagrangian defined by 

L (x, y, v^, V,) = Ml^ll^ + ((0, / (x)) , (vu V,)) , 

where / is a C^ nonpositive and periodic function whose set of minimum points rmin 
is a Cantor set and /|rmin is a negative constant. 

In this case the system of Euler-Lagrange is given by 

X = V 

V = —f (x) Jv 
where J is the canonical sympletic matrix. 

Lemma 11 The Mane's critical values of L is a(0) = f {a) /2, where a G rmm- 
Moreover, the closed curves •ja defined by 7^ (t) = {a,—f (a) t) , are static curves. 

Proof: Given any curve (3 (t) = (x (t) ,y (t)) on T^, we have 

i(,j).£!±J^,;,.),W.tt±I(£))!±£!_/(£)!>_/^. ,3, 

Then 



^L+f{af/2 



(/3) = ^ ^(/3,/3) + ^jdt>0, 



/(") nKoo,~,ro fiiof ;f n ^ i, ^ /(") 



and we obtain a(0) < ^-^y~- Observe that ii < k < ^^^y-, the closed curve given 
by 7fc (t) = («, \/2kt] , where a G Fmin, is Euler-Lagrange solution and its energy is 
E = k. Moreover, 

Ai+fc (7fc) = f (L (7fc, 7fc) + k)dt= f (2k + f (a) v^) dt. 
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Therefore 



Ai+fc (7fc) < if A; < ^^ and A^+fe (7^) = if A; = ^^ 



2 



This shows that a(0) = ^^^y- and the curve ja is semistatic, i.e., reahzes the action 
potential Since 7a is a semistatic closed curve, it is static curve. ■ 

To complete the example, it suffices to show that the application \1/ : Fmin — )• Am, 
given by \l/ (a) = [(a, 0)] , where [(a, 0)] is a representative of the static class conteining 
the curve ja, is a Lipschitz bijection. In fact, since the action potential $L+a(o) is 
Lipschitz, the distance 6m on quotient Aubry set Am also is Lipschitz. 

In order to show the surjectivity of \1/ it is enough to show that the projected 
Aubry set ^0 is exactly the union of the closed curves •ja with a G Fmin- Suppose that 
there exists p & Aq such that vr (p) ^ Fmin, where vr is the canonical projection of T^ on 
M/Z. Then there exists a neighborhood Vp oi p such that / (x) > f (a) for all a G T^[^ 
and X E Vp. Let 7 be a piece, contained in Vp, of the static curve passing through p. 
The inequality [3] implies A^^aio) (7) > 0. Moreover, it follows by inequality [3] which 
the action L + a{0) of any curve is nonnegative, so ^L+a{o) i^, ?/) > for all x,y E T^. 
Then 

AL+a(o) (7) = ^L+aio) (7 (0) , 7 {T)) = -$L+a(o) (7 (0) , 7 {T)) < 0. 

This is a contradiction. 

If \1/ is not injective there exists b G Fminj & 7^ a such that (6, 0) G [(a, 0)] . Since 
each static class is connected (See G. Contreras and G. Paternain in [5j, Proposition 
3.4) and 6 G vr ([(a, 0)]) we have that vr ([(a, 0)]) C M/Z is connected so it is an interval. 
By total disconnectedness of Fmin, there exists q E n ([(a, 0)]) — Fmin. The contradiction 
follows of the inequality |3] by same argument above. 
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